In this paper we propose a geometric Hamilton-Jacobi theory on a Nambu-Jacobi manifold. The advantange of a geometric HamiltonJacobi theory is that if a Hamiltonian vector field X H can be projected into a configuration manifold by means of a one-form dW , then the integral curves of the projected vector field X dW H can be transformed into integral curves of the vector field X H provided that W is a solution of the Hamilton-Jacobi equation. This procedure allows us to reduce the dynamics to a lower dimensional manifold in which we integrate the motion. On the other hand, the interest of a Nambu-Jacobi structure resides in its role in the description of dynamics in terms of several Hamiltonian functions. It appears in fluid dynamics, for instance. Here, we derive an explicit expression for a geometric Hamilton-Jacobi equation on a Nambu-Jacobi manifold and apply it to the third-order Riccati differential equation as an example.
Motivation
The Hamilton-Jacobi equation (HJ equation) constitutes the third complete formulation of classical mechanics, after Newtonian and Hamiltonian mechanics. It is a first-order partial differential equation for a generating function S(q i , t) on a n-dimensional configuration manifold Q with local canonical coordinates {q i , i = 1, . . . , n} and H = H(q i , p i ) is the Hamiltonian function of the system on T * Q, which is locally coordinated by {q i , p i , i = 1, . . . , n}. Explicitly,
This equation is particulary useful for the identification of conserved quantities and roots in the philosophy of finding a canonical transformation with generating function S(q i , t) that leads to the equilibrium of a mechanical system [1, 2] . The generating function S(q i , t) is also interpreted as the action of a variational principle, S = (qn,tn) (q 1 ,t 1 ) L(q(t),q(t), t)dt (2) such that the condition δS δt = 0 retrieves the Hamiltonian equations [11] . It is possible to separate the temporal dependency on S through the Ansatz S = W (q 1 , . . . , q n ) − Et, where E is the total energy of the system. This choice gives rise to the time-independent HJ equation [1, 11] , which can be interpreted geometrically:
Concerning the geometric interpretation of a HJ theory, the primordial observation is, on a symplectic phase space, that if a Hamiltonian vector field X H : T * Q → T T * Q can be projected into a vector field X dW H : Q → T Q on a lower dimensional manifold by means of a 1-form dW , then the integral curves of the projected vector field X dW H can be transformed into integral curves of X H provided that W is a solution of (3). If we define the projected vector field as:
where T π is the induced projection on the tangent space, T π : T T * Q → T * Q by the canonical projection π : T * Q → Q, it implies the commutativity of the diagram below:
provided that dW is a Lagrangian submanifold, since dW is exact and then it is closed. This condition gave rise to the introduction of Lagrangian submanifolds in dynamics was necessary. Lagrangian submanifolds are very important objects in Hamiltonian mechanics, since the dynamical equation (hamiltonian or lagrangian) can be described as lagrangian submanifolds of convenient symplectic manifolds.
The pioneer in this purpose was Tulczyjew who characterized the image of local Hamiltonian vector fields on a symplectic manifold (M, ω) as lagrangian submanifolds of a symplectic manifold (T M, ω T ), where ω is the tangent lift of ω to T M [34] . This result was later generalized to Poisson manifolds [13] and Jacobi manifolds [15] .
Using the approach discussed above, the HJ theory has also been extended to nonholonomic mechanics, geometric mechanics on Lie algebroids, singular systems, control theory, classical field theories and different geometric backgrounds [5, 6, 22, 18, 19, 21] . This proves the wide applicability of the geometric interpretation of the HJ theory and its recent interest among the scientific community.
In this paper, we deal with Nambu-Jacobi manifolds (NJ manifolds). The NJ structure is a generalization of Nambu-Poisson structures (NP structures) and both appeared as an extension of mechanics on even and odd higher-dimensional phase spaces. In particular, both NJ and NP structures include n-dimensional brackets which are very useful for descriptions of physical systems equipped with several Hamiltonian functions. These structures have also played an important role in the study of Dirac's contraints and Nambu's mechanics [3] . The first bracket of order n > 2 was the original three-dimensional Nambu bracket [28] , defined in terms of a Jacobian:
with canonical variables satisfying [x, y, z] = 1 and interpreted as a bracket defined by the canonical volume form in R 3 . This bracket served as a bracket of a three-dimensional phase space for the dynamics of particles composed by three quarks [28] . Also, it has showed its applicability in noncanonical theories of perfect fluid dynamics [14, 29] . For example, consider Eulerian variables for an incompressible fluid in 3D governed by the vorticity equation:
where u = (u 1 , u 2 , u 3 ) is the velocity, the vorticity is Ω = (Ω 1 , Ω 2 , Ω 3 ) and they are related by Ω = ∇ × u and ∇u = 0. The total energy
and the helicity
are conserved, assuming that u vanishes at infinity and A is a vector potential such that u = −∇ × A, ∇A = 0. The energy and helicity are Casimir functions acting like Hamiltonians for Nambu mechanics. Now, the evolution of an arbitrary functional F = F (Ω) will be given by the Nambu bracket defined in (5):
Afterwards, a generalization of the three-dimensional Nambu bracket to an n-order bracket was provided [28, 33] , as the n-dimensional Jacobian:
Many hierarchies of differential equations are endowed with a recursion relation that generates subsequent members of the hierarchy, conserved quantities and multiple compatible Hamiltonian functions describing the differential equation. For example, in [9] it is shown that the dispersionless Toda hierarchy can be described in terms of multiple compatible Hamiltonian functions,
where Q are symmetric polynomials of u and depend on a zero-curvature metric. The evolution of an observable, let us say f , is governed by the n-dimensional bracket (10) of the observable and Hamiltonian functions in (11) . Later, the Nambu bracket was generalized by Takhtajan [33] by imposing the fundamental identity:
for real valued and infinitely differentiable functions H 1 , . . . , H n−1 , g 1 , . . . , g n . Expression (12) is merely an extension of the well-known Jacobi identity. This led him to the introduction of a NP manifold as a manifold whose ring of functions is endowed with an n-dimensional bracket (10) that satisfies (12) . This fundamental identity was independently considered by other authors (see [31] ). Moreover, these axioms are just the ones of an n-Lie algebra introduced Filippov [10] in 1985. The extension of this bracket to an analogous of Jacobi bracket was simultaneosuly considered by several authors [12, 16, 17, 27] . The HJ theory for NP manifolds was devised by the present authors in [26] . Our aim here is to proceed similarly in the case of a NJ manifold. In this way, the outline of the paper is the following: in Section 2, we recall the fundamentals on the geometry of NJ manifolds, their structural theorem and present dynamics on such manifolds. In particular, we focus on a particular case of NJ manifolds, that is the case of volume NJ manifolds. For the development of a geometric HJ theory, we introduce the notion of Lagrangian submanifolds of a NJ manifold. In Section 3, we develop a geometric HJ theory on volume NP manifolds and obtain an explicit expression for a HJ equation. To finish, in Section 4, we propose an application of the geometric HJ theory on volume NJ manifolds through an example of physical interest: a four-dimensional system of Riccati first-order differential equations. We derive a volume NJ structure for such equation and then apply the HJ theory. A particular solution for the equation is indicated.
We introduce the following notation: we will denote the algebra of
Assume all mathematical objects to be C ∞ , globally defined and that manifolds are connected. This permits us to suit technical details while highlightning the main aspects of the theory.
Nambu-Jacobi manifolds
Let us consider a generalized almost Jacobi manifold (M, {, . . . , }) where M is an m-dimensional manifold and the bracket is a generalized almost Jacobi bracket {, . . . , } :
It has two fundamental properties:
that implies that the bracket is skew-symmetric and it is a first-order linear differential operator on M with respect to each argument
. . , f n and g 1 ∈ C ∞ (M, R). We can define the multivectors Λ ∈ V n (M ) and ∈ V n−1 (M ) as follows:
Conversely, any pair (Λ, ) ∈ V n (M ) ⊕ V n−1 (M ) defines a generalized almost Jacobi bracket of order n on M , given by:
such that (M, {, . . . , }) a generalized almost Jacobi structure. If = 0, we recover a generalized almost Poisson structure. Furthermore, if we add the integrability condition
we have that the pair (M, {, . . . , }) is a Nambu-Jacobi structure, or equivalently, we say that (M, Λ, ) is a Nambu-Jacobi manifold. In the case that = 0, we have a Nambu-Poisson structure. We define a vector field X Λ
, understood as the vector field on a NP manifold (M, Λ) as:
and define the morphism
..,f n−1 can be understood as a vector field on a NP manifold (M, ) as:
and defines the morphism ♯ : Λ n−2 (M ) → X(M ) induced by . The operators (Λ, ) induce the following pairings, correspondingly:
and
for α 1 , . . . , α n−1 , β ∈ Ω 1 (M ). A vector field on a NJ manifold (M, Λ, ) is defined as:
So, we define the characteristic distribution on a point x ∈ M for a NJ manifold (M, Λ, ) as:
Now, let us point out some properties of NJ manifolds.
Properties:
Let (M, Λ, ) be a NJ manifold, M has dimension m, Λ is of order n and of order (n − 1) and such that n > 2. Then, 
4. The Lie derivative L X f 1 ,...,f n−2 Λ = 0.
Volume Nambu-Jacobi manifolds
A volume Nambu-Jacobi manifold (M, Ω, θ), (henceforth VNJ manifold) is a Nambu-Jacobi manifold in which dim(M ) = n, where Ω is a volume form on M and θ is a one-form that is closed, dθ = 0. There is an associated pair
for a VNJ manifold, operating as follows:
and the (n − 1)-order skew symmetric tensor Ω defined by:
where the bracket induced by Λ Ω is defined by:
A particular example is M = R n . Choosing canonical coordinates {x i , i = 1, . . . , n}, the volume form here is Ω R n = dx 1 ∧ · · · ∧ dx n , the multivectors (Λ, ) ∈ V n (M ) ⊕ V n−1 (M ) take the form:
and θ is locally expressed as θ R n = (−1) n dx n . The brackets induced by (Λ Ω , Ω ) on a volume manifold (M, Ω, θ) take the form:
Definition 1. Consider a VNJ manifold (M, Ω, θ) and H 1 , . . . , H n−1 ∈ C ∞ (M, R). Then, the expression in coordinates on R n for a Hamiltonian vector field on a NJ manifold (19) is: 
This is a Hamiltonian system on a VNJ manifold.
We can extend the model of VNJ manifolds proposed to a more general situation. If (M, Λ) is a NP with n > 2 and θ is a closed one-form on M , then (M, Λ, ι θ Λ) is a NJ structure of order n on M . Furthermore, if Λ Ω is a tensor of order n > 2 associated with a volume form Ω on M and θ is a one-form, then the triple (M, Λ Ω , ι θ Λ Ω ) is a NJ structure [17] . Now, let us now introduce the structural theorem of NJ manifolds [17] . The structure in leaves of the foliation encompasses the former examples, which are canonical examples for these manifolds. 
2. If Λ(x) = 0 and (x) = 0, then L has dimension (n − 1) and Λ L = 0. Moreover,
associated with a volume form on L.
• If n = 3, then L is a symplectic structure.
3. If Λ(x) = 0 and (x) = 0, then L = {0} and the induced NambuJacobi structure is trivial.
Proof. Proof of this theorem can be found in reference [17] , where it was formerly stated.
Lagrangian submanifolds
Let (M, Λ, ) be a NJ manifold. We say that a submanifold N ⊂ M is j-lagrangian ∀x ∈ N , 1 j n − 1, if:
where the annihilator is defined as:
and recall the definition of C x in (20) .
In the particular case of a VNJ manifold, expression (29) reduces to: Proof. Recall the expressions in coordinates (25) for the pair (Λ, ). Considering the definition in (29), we compute the term ♯ Λ Λ n−1 (T * x M ). An element α of Λ n−1 (T * x M ) has the local expression
where d x i stands for the omitted term dx i and α 1...î...n is the coefficient of the (n − 1)-order form α ∈ Λ n−1 (T * x M ) associated with the combination
and therefore,
This implies that ♯
∂ ∂x n and hence, the right-hand side of expression (29) in this particular case equals
Computing the left-hand side term of (29), let us assume that N is (n − 1)-dimensional and the equations of the submanifold are {x n = 0} in the coordinates we gave chosen. So, the tangent space to this submanifold is generated by T N = ∂ ∂x 1 , . . . , ∂ ∂x n−1 . The elements of the annihilator when
The α's fulfilling this condition are of the form
Hence, the annihilator of orfer j − 1 for a submanifold N of dimension n − 1 is generated by
This means that the left-hand side and the right-hand side of (29) are equal, and the submanifold N ⊂ M of dimension n−1 is a Lagrangian submanifold of order n − 1. It is easy to see that Ann j =n−1 (T x N ) = {0} and that for submanifolds N of dimension different from n − 1 the annihilator of any orfer j equals zero, namely, Ann j (T x N ) = {0}, for dim(M ) = n − 1.
3 Hamilton-Jacobi theory on VNJ manifolds
Consider a VNJ structure (M, Ω, θ), a fibration π : M → N such that dim(M ) = n and dim(N ) = n − 1 and a section γ : N → M . The projected vector field on N can be defined as:
We depict it with a diagram:
Recall from former sections, the Hamiltonian vector field on a VNJ in adapted coordinates can be locally written as in (28) . Then, the following theorem results: 
Proof. Referring to the coordinate expressions for a VNJ structure (25), we look for a section γ = γ(x 1 , . . . , x n−1 , γ n (x 1 , . . . , x n−1 )) such that (37) is fulfilled. The projection of the vector field X H 1 ,...,H n−1 on M (28) onto N reads:
and its tangent image by the section γ is:
By direct comparison of (28) and (40), we obtain the following equation: 
which can be rewritten in the following compact form
which is precisely the equation given in (38).
Expression (38) receives the name of Hamilton-Jacobi equation on a volume Nambu-Jacobi manifold. We say that γ is a solution of the HamiltonJacobi problem on a volume Nambu-Jacobi manifold for (M, Ω, θ).
Next, we consider a general Nambu-Jacobi manifold (M, Λ, ) where the dimension of M is m and the order of the multivector Λ is n. Consider a fibration π : M → N over an n-dimensional manifold N . Take γ : N → M a section of π such that π • γ = Id N and γ(N ) is a Lagrangian submanifold of (M, Λ, ). An additional hypothesis is that γ(N ) has a clean intersection with the leaves of the characteristic foliation C defined by Λ. We recall that this implies that for each leaf L ∈ C,
If we are assuming that γ(N ) is a j-Lagrangian submanifold of (M, Λ, ), then γ(N )∩L is a j-Lagrangian submanifold of L with the restricted NambuJacobi structure, that is a volume structure. Consequently, j = n − 1 and N has dimension n − 1. Now, let H 1 , . . . , H n−1 be Hamiltonian functions in M and X H 1 ...H n−1 the corresponding Hamiltonian vector field.
We define the vector field on N ,
Since every Hamiltonian vector field is tangent to the characteristic foliation, one can conclude that 
Therefore, (43) will be called the HJ equation for a general NambuJacobi manifold and γ satisfying (43) will be a solution of the HJ problem on a general Nambu-Jacobi manifold for (M, Λ, ) with a multivector Λ of order n and the dimension of the manifold M is m.
Application
Let us consider a four-dimensional system of first-order Riccati differential equations [7, 30, 32] . It is a system of four copies of the first-order Riccati
where a 0 (t), a 1 (t), a 2 (t) are arbitrary t-dependent functions. More generally, the term Riccati equation is used to refer to matrix equations with an analogous quadratic term, which occur in both continuous-time and discrete-time linear-quadratic-Gaussian control. The steady-state (non-dynamic) version of these is referred to as the algebraic Riccati equation [7, 30, 32] . These equations are compatible with several Hamiltonian structures, namely, the triples (O, ω l , H l ) such that H l is a Hamiltonian function with respect to a presymplectic form ω l .
For a VNJ structure, let us consider three of them for values l = 2, 3, 4 and the values of k range from 1 to 4.
It reads:
To obtain a VNJ structure, we need to find a volume form Ω and a oneform θ compatible with (O, H 1 , H 2 , H 3 ). The procedure consists of retrieving (44) from the Nambu-Jacobi bracketṡ for i = 1, 2, 3, 4, j = 1, 2, 3, k = 1, 2, 3 and σ (i 1 ,i 2 ,i 3 ) denotes all the permutations of elements {x i 1 , x i 2 , x i 3 } when (i 1 , i 2 , i 3 ) take values from 1 to 4 and they are simultaneously different from i, namely, i 1 = i 2 = i 3 = i.
The argument takes the form:
∂H l ∂x l = F ll a0(t) + a1(t)x k + a2(t)(x k ) 2 for k = 1, 2, 3, 4 and k = l and By direct comparison between (44) and (46), we see there is difference of one factor, that implies that the canonical volume form Ω = dx 1 ∧ dx 2 ∧ dx 3 ∧ dx 4 for a four-dimensional system of first-order Riccati differential equations on a VNJ manifold is has to be conformally transformed to
when σ(ij) = j = l
when σ(ij) = l.
For this particular case, the canonical bracket {x 1 , x 2 , x 3 , x 4 } = 1 turns out in
if σ(i j ) = j = l and σ(i j ) = l, correspondingly. In this way, the canonical structure in (25) for (Λ, ) when n = 4 has to be conformally transformed into (Λ,¯ ) that takes the expression
We define a projected vector field X This equation is a quasi-linear equation that can be solved with the method of characteristics. Due to the volume of calculations, we just leave the equation indicated.
